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Abstract. 

In this work, low temperature thermodynamic behaviour in the context of 
dissipative diamagnetism with anomalous coupling is analyzed. We find that finite 
dissipation substitutes the zero-coupling result of exponential decay of entropy by a 
power law behaviour at low temperature. For Ohmic bath, entropy vanishes linearly 
with temperature, T, in conformity with Nernst's theorem. It is also shown that 
entropy decays faster in the presence of anomalous coupling than that of the usual 
coordinate-coordinate coupling. It is observed that velocity-velocity coupling is the 
most advantageous coupling scheme to ensure the third law of thermodynamics. It 
is also revealed that different thermodynamic functions are independent of magnetic 
field at very low temperature for various coupling schemes discussed in this work. 
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1. Introduction 

The third law of thermodynamics is an axiom of nature regarding entropy and the 
impossibility of reaching absolute zero of temperature. The third law was developed 
by Walther Nernst and is thus sometimes referred to as Nernst's theorem or Nernst's 
postulate [H [2]. According to Max Planck, the entropy per particle of an N-body 
system, s = S/N, approaches to a constant value and is determined only by the 
degeneracy of the ground state, g, [3]. Thus, the constant value of entropy is given 
by S(T = 0) = kglng, with k B being the Boltzmann constant. Therefore, the typical 
value of entropy in the thermodynamic limit (N — > oo), s — S(T = 0)/N, goes to 
zero as long as the degeneracy does not grow with iV faster than exponentially [I] . This 
further implies that thermodynamic functions such as entropy, specific heat, the isobaric 
co-efficient of expansion, the isochoric coefficient of tension etc. all approach zero as 

But, there are certain simple model systems which do not obey the third law. A well 
known exception is the case of non interacting independent particles each accoutered 
with spin J, yields the limiting entropy per particle, so = /cBln(2J + 1)[6]. Another 
well known example is that of the classical ideal gas for which entropy per particle, 
s = cylnT + k B \ii{V/N) + a, where V is the volume, cy is the specific heat per 
particle, and a denotes entropy constant. It clearly shows that the entropy diverges 
logarithmically with temperature as it goes to zero [6]. Now, proper accounting of 
degeneracy factor in the form of Fermi-Dirac or Bose-Einstein statistics is able to restore 
the third law for the above mentioned cases. If we now turn to the case of a free quantum 
particle for which the specific heat remains constant at k^/2, clearly violates the third 
law. On the other hand, Einstein oscillator shows an exponential suppression of the 
specific heat as T — > [7]. However, Hanggi and Ingold have shown that the low 
temperature behaviour for the above mentioned two cases changes qualitatively when 
the system is strongly coupled to a quantum mechanical heat bath [61 18]. This finite 
dissipation ensures linear decay of entropy with temperature for the Einstein oscillator 
as well as for the free quantum particle as T — > 0. This observation enables Hanngi 
and Ingold to arrive at an interesting conclusion that quantum statistics is just the first 
step to ensure third law and a more crucial step to satisfy third law is to make the 
system "open" i.e. the system needs to be strongly coupled to a quantum heat bath. 
This conclusion is not only interesting in the academic perspective but is relevant for 
experiments in nanosystems which are strongly influenced by the environment for their 
smallness and large surface to volume ratio 0, [10l [HI H2] . 

Diamagnetism is an intrinsically quantum mechanical property, the treatment for 
which was first discussed by Landau, considering a collection of electrons in a box in the 
presence of an external constant magnetic field [13]. In this context the essential role of 
quantum mechanics as well as the role of boundary is discussed in details by van Vleck 
and Peierls [T4[[T5]. The boundary effects can be recovered by using a parabolic potential 
characterized by a frequency ujq, & trick introduced by Darwin [16J. The essential role 
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of boundary electrons was further clarified in the context of dissipative diamagnetism 
by several authors [TTl ITS"! [1~9] . As we are discussing third law of thermodynamics in the 
context of dissipative diamagnetism, we discuss separately the ojq = and u ^ cases. 
Since the parabolic potential which considered here is physically realizable in a quantum 
dot or in a quantum well nanostructure, the results for uq ^ are of independent interest 

Here, we investigate low temperature thermodynamic properties in the context of 
dissipative diamagnetism with different anomalous coupling schemes. For that purpose 
we consider a charged quantum particle in the presence of an external constant magnetic 
field when it is in contact with a dissipative quantum heat bath. This kind of analysis is 
related with the dissipative quantum mechanics, a subject that has seen a great attention 
through the work of Leggett and others [21] [22l [23]. There are several approaches 
for the treatment of dissipative quantum systems. The most conventional approach is 
system plus reservoir point of view i.e. the system of interest is coupled linearly with 
the environment which is represented by a collection of harmonic oscillators [24, 25J. 
Usually, one is interested in the dissipative subsystem and the reservoir variables are 
eliminated by projection operator or tracing procedure |26j. As a result of that, the 
reservoir enters only through few parameters. The results obtained from these kind of 
dissipative quantum systems are of great interest due to the recent widespread interest 
on the critical role of environmental effects in mesoscopic systems j9[ [TO1 EEH fl2] . in 
fundamental quantum physics, and in quantum information J27[ [281 [23 [30] • All these 
recent developments in the subject of quantum thermodynamics [3TJ [321 [331 E3] and 
widespread interest on the low temperature physics of small quantum systems has raised 
up the question : Does the third law of thermodynamics hold in the quantum regime? 
How quantum dissipation can play an important role in thermodynamic theory? Several 
authors have tried to settle all these issues. Ford and O'Connell discussed about the 
third law of thermodynamics in connection with a quantum harmonic oscillator [35J. 
Recently, P. Hanggi and G. L. Ingold have shown that finite dissipation actually helps 
to ensure the third law of thermodynamics [HI [8]. Further investigations has been 
made by W. C. Yang and B. J. Dong on the influence of various coupling forms for 
a harmonic oscillator [36] . The third law has also been validated for a charged magneto- 
oscillator [37]. Similar kind of analysis in the context of dissipative diamagnetism can 
be found in [38]. In this work, we have extended all the above mentioned studies by 
considering dissipative diamagnetism with different anomalous coupling which not only 
demonstrate the environmental effect in nanostructure but also illustrate the essential 
role of boundary. 

With this preceding background, we organize the rest of the paper as follows. 
In the next section, we introduce the model system and different coupling schemes. 
In Sec. Ill, we discuss coordinate-coordinate coupling scheme. In this connection, 
without dissipation and free quantum particle cases are also analyzed. In addition, 
explicit results of low temperature thermodynamical quantities are derived analytically 
for the Ohmic model, Lorentzian power spectrum model, exponentially correlated model, 
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and arbitrary heat bath model. Coordinate (velocity)- velocity (coordinate) scheme is 
examined in details in Sec. IV. In this connection, the radiation heat bath case is also 
analyzed. Section V deals with the velocity-velocity coupling scheme. For all the above 
mentioned coupling schemes, the cases for u = and u Q ^ are analyzed separately. 
Finally, we conclude this paper in Sec. VI. 



2. Model System 

The starting point of this section is the generalized Caldeira-Legget system-plus- 
reservoir Hamiltonian for a charged particle of mass W and charge 'e' in a magnetic 
field B in the operator form [391 HO] : 

fp — eA/c] 2 N i 

H = V 2m 1 + V(f) + g [—{f. + mju^f) + g(f,p, q v p 3 ) 

where {r,p} and {qj,pj} are the sets of co-ordinate and momentum operators of system 
and bath oscillators. They follow the following commutation relations 

[r a ,M = itiSap, [qia,Pjp] = ihbijb^, (2) 

where a, f3 denote components of the above mentioned operators along x, y direction 
respectively. Equation (1) includes four types of bilinear coupling between the system 
and the environmental degrees of freedom. For the usual coordinate-coordinate coupling 

9 = ~Cj r Qj + 7T — 2 ' ( 3 ) 
for the system coordinate and environmental velocity coupling |4Uj . 

9 = -^ + f/!, (4) 

m,j 2m j 

or for the system velocity and environmental coordinate coupling [41] . 

9= . d2 m + m (5) 

m 2m 

and finally for system velocity and environmental velocity coupling |42j, 

PPj e )v) /r*\ 

g = -e,- — — + - % . (6) 

mnij 2mm,j 

The additional terms appearing in the coupling are in order to compensate coupling 
induced potential and mass renormalization. 

Now, we are interested in investigating low temperature thermodynamic behaviour of 

the model system described above. For this purpose, we need to calculate the free energy 

of the system exactly. This is a non-trivial quantity to calculate and the details of its 

derivation can be found in [4"Tl |4"3~1 14"4"] . The free energy of the charged magneto-oscillator 

is given by [4^ |IMI47] . 

I r°° r d / \i 

F = - duf(u,T)% — ln( deta(u + iO + )) , (7) 

7T JO l duJ V n 
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where a (a;) denotes the generalized susceptibility of the model system and f(u,T) is 
the free energy of a single oscillator of frequency u and is given by 

f(u,T) = k B T\og [l -exp(--^)l, (8) 

where we have ignored the zero-point contribution. This formula is remarkable in the 
sense that it expresses oscillator free energy exactly in terms of single integration over 
the oscillator susceptibility alone. Now, we can rewrite Eq. (7) as follows [4"6| Wf\: 

F(T, B) = F(T, 0) + AF(T, B), (9) 

where 

3 r°° 

F(T,0) = -/ duf(u, T)Ii (10) 

7T JO 

is the free energy of the oscillator in the absence of the magnetic field, I\ = 
3 ^ In a^aj) , a^(u) is the scalar susceptibility in the absence of a magnetic field 
and the correction due to the magnetic field is given by 

AF(T,B) = -- r duf(u,T)I 2 , (11) 

7T J 

where I 2 = ^j^Mn 1 — ^ eBu} & m ^ j. The function f(u,T) vanishes exponentially for 
u >> ^r- and hence all the integrand in Eq. (10) and in Eq. (11) are confined to 
low frequencies. Thus, one can easily obtain an explicit results by expanding the factor 
multiplying f(u,T) in powers of u. 

The scalar susceptibility for a harmonic oscillator in the absence of a magnetic field is 
given bv [4"6l I4T] 

« (0) M = TT7-2 A , -~ 7 X > (12) 



m[ujQ — uj' 

where 



m{ufi - uj 2 ) - iu^u) 



%{cj) = / dt%(t')e^'. (13) 

J 

Here fi = 1,2,3,4 and denotes the subscript for four different coupling schemes. The 
memory kernel is given by 

2 r°° T (uj) 

jJt) = / du^^-cosiut). (14) 

mn Jo uj 

In equation (14), J^u) denotes the spectral density function of the heat bath oscillators 
for different type of coupling schemes and is given as follows: 

N c 2 

Jx{u) = J C - C {UJ) = TT^2 7T — ^UJ-UJj), (15) 

N £ . 

J 2 (u) = J c - v (uj) = it T^-Ujdi^ - ( 16 ) 
j=l lm J 

N d 2 ■ 

J 3 (u) = J v - C (u) = TCY, -^-Uj5{uJ - Uj), (17) 

3=1 

N g 2 

J 4 {u) = J v - V (u) = 7T V —l—u£8{u - Uj). (18) 

P^rrij 
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To show the distinct behaviour of different kind of coupling schemes, we plot the power 
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Figure 1. (color online) Plot of 7(0;) versus dimensionless frequency jjp for 
the coordinate-coordinate coupling scheme (red filled circle), coordinate- velocity or 
velocity-coordinate coupling scheme (blue filled square) and for the velocity-velocity 
coupling scheme (black filled diamond). To plot this figure, we use ^ = 1.0, m = 1.0, 
and 7 = 1.0. 



spectra of the memory friction function in Fig.l for the coordinate-coordinate (c-c), 
coordinate- velocity (c-v), and velocity- velocity (v-v) coupling schemes. 
We can calculate I\ and I2 explicitly. The expressions are given as follows : 

_ m^^u){uj 2 + uj 2 ) + muj%(uj)(uj 2 - uj 2 ) 
1 [m 2 (uj 2 - uj 2 ) 2 + uj 2 ^(uj)] ' 1 ' 



and 



[m 2 (ujQ — uj 2 ) 2 + uj 2 ^ 2 (uj)] 
m^^)^ + uj 2 ) + mu^uj)^ 2 - uo 2 + ujuj c ) 

[m 2 (co>o — uj 2 + ujuj c ) 2 + u 2; j 2 (uj)} 
m^^(u)(ujQ + uj 2 ) + mu^{uj){uj 2 — uj 2 — ujuj c ) 



(20) 



[m 2 (ujQ — uj 2 — ujuj c ) 2 + u 2; j 2 (uj)} 

where uj c = — is the cyclotron frequency. Thus, our main task is to find free energy F 
at low temperature. Then, one can easily derive other thermodynamic functions at low 
temperature. For example, entropy is defined as 
dF 

We have now all the essential ingredients to calculate thermodynamic functions. 



Dissipative diamagnetism with anomalous coupling and third law. 



7 



3. Coordinate-coordinate coupling scheme 

First, let us consider the usual case of the system's coordinate coupled with the coordi- 
nates of the heat bath. This kind of coupling can be realized experimentally in the case 
of a RLC circuit driven by a Gaussian white noise. In this connection, we analyze the 
free particle and without dissipation case. In addition, we examine the decay behaviour 
of entropy with temperature for Ohmic, exponentially correlated, and arbitrary heat 
bath models. The results for oj = and w ^ are separately discussed for all the 
above mentioned cases. 



3.1. Without Dissipation 

The limit of without dissipation can easily be obtained by taking 7 M (u;) = 0. 
and 



Thus, 



1 



m{uj 2 — Uq) ' 



(uj 2 - uj 2 ) 2 - (uu c f 



(^)VV)1 : 



where u c = — is the cyclotron frequency. For this case, 



j 1 = 9f{-^-W°>H} 



■ duo 

where we have used the identity 
1 

= P 



IT 



UJ — LUa 



UJ 2 - UJ 2 Q ) 2 

this case, 
5(uo - uj ) + S(lu + UJ ) 

— i7i5(uj — Uj). 



uj — Uj + i0 + 
Thus, 

F(T,0)=3f(u ,T) 
Similarly, one can show that 

AF(T,B) = f(u 1 ,T) + f(u 2 ,T)-2f(u ,T), 
where uj lt2 = ±f + [wg + ) 2 ]i Hence 

F(T, B) = f(u , T) + f(ui, T) + f(u 2 , T). 
At low temperature free energy becomes 

F(T,B) = —k B T[e fc s T + e fc s T + e k B T Y 
Finally, entropy of the system is given by 



S(T, B) = k B 



hojn 



)e k B T + (1 + 



flUJl 



:i + 



)e k i 



k B T' K k B T J K k B T 

Thus, it can be concluded that entropy, S(T), vanishes exponentially when 
the without dissipation case. 



(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 
T -> for 
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3.2. Ohmic heat bath 



For pure Ohmic heat bath, one can take 71(0;) = 7777, where 7 is friction constant. Thus, 
the response function in the absence of magnetic field becomes 

-1 



a (0 \u)= m( 







Thus, 

Similarly, 
-h 



h 



7(^ 2 + ^o 2 ) 
(uo 2 — uol) 2 + 7 2 cj 2 



tmuo'-f 



+0 7 



(31) 



7(w 2 



00n 



(u0 2 — UOq + UOUO c ) 2 + 7 2 CJ 2 

0. 



+ 



7 (^ 2 + u; 2 ) 



7 (^ 2 + a; 2 ) 



[to 2 — ujI — uouo c ) 2 + 7 2 ^ 2 (a; 2 — cj 2 ) 2 + 7 2 cj 2 



— 2 ' 2 2 
cj a; a; 



Hence, free energy of the system at low temperature can be written as 



F(T) = 



3k B T-f 



Jo 



duj In 



1 — exp 



(32) 



The following integral is relevant for our calculation throughout this paper: 

dyy" log(l - e-«) = ~r(v + l)C(f + 2), (33) 



JO 



where T is gamma function and ( is Riemann's zeta function. Using this integral, one 
can show 

Hence, entropy is given by 

k\T 



(34) 



S(T) = tt^7- 



(35) 



(^ ) 2 ' 

As T — > 0, 5*(T) vanishes linearly with T which perfectly matches with third law of 
thermodynamics. It shows the usual Ohmic friction behaviour of linear decay. Also, 
one can notice that decay slope is directly proportional to 7. 

Now, one can consider the case for uo = for the same charged particle in an external 
constant magnetic field in contact with a Ohmic bath. For this case, 

• 2 w -o -2 7 



I 2 (u) = -2- 



70; 



{uo 2 — ujuj c ) 2 + 7 2 u; 2 
and ii = 0. Thus, the free energy becomes 

2A; B T 7 



7 2 + w c 2 ' 



(36) 



F(T) 



n(u 2 + 7 2 ) 

7T 7 



/ duj In 

Jo 

{k B Tf 



1 — exp ( — 



k^f' 



3^7 2 + cj 2 
The decay behaviour of entropy follows 

2tt 7 ,2 



5(T) = 



3^7 2 + cu 2 B 



(37) 



(38) 
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3.3. free particle 

Next, we consider a free quantum Brownian particle in contact with a Ohmic heat bath 
for which 

q (0) (w) = [-moo 2 - imouj}- 1 . (39) 
Thus, we have 

m 2 7c<j 2 w-*o 1 
1\ = ~ — 

(m 2 uj 4: + m 2 uj 2/ y 2 7' 

and I2 = 0. Free energy for the free Brownian particle is given by 

HT) = ~lH k -f-)\ (40) 



2 'V 

and the decay behaviour of entropy becomes [38J 

S(T) = (41) 

Unlike equation (35), the slope of the entropy for free particle is inversely proportional 
to 7. 

3-4- Lorentzian power spectrum 

Now, we consider that the environmental oscillators have a power spectrum with a 
narrow Lorentzian peak centered at a finite frequency not at zero. Thus, the Fourier 
transform of the memory function is 

7717 

= wTF^ ' (42) 

where 7 denotes the Markovian friction strength of the system, T and Q are the damping 
and frequency parameters of the harmonic noise [IS]. Now, 

_ m 2 -ftt 4 DA - m 2 -fQ A ujA'C 

1 ~ m 2 C 2 A 2 + 4m 2 7 2 fi 8 ^ 2 
w-+o 7 

r^j 

— 2 ' 
^0 

where A = [r 2 w 2 + (Q 2 - u 2 ) 2 ] , A' = C = (u 2 - u 2 ) and £> = {u 2 + cj 2 ) and 
m 2 -fQ 4 DA - m^n^uA'd m 2 jQ 4 DA - m 2 ^uA f C 2 



m 2 C\A 2 + 4m 2 7 2 ^ 8 o; 2 m 2 C|A 2 + 4m 2 7 2 ^ 8 c; 2 

m^&DA - m 2 7^ 4 aM'C 



2 m 2 C 2 A 2 + 4m 2 7 2 fi 8 cu 2 

J_ + _L _ 2 ^ = 

— 2 2 2 ' 
^0 



where C\ = (u 2 — + cju; c ) and C 2 = {uj 2 — c<j 2 — Ct>a; c ) . Thus free energy of our model 
system for the Ohmic heat bath with Lorentzian peak power spectrum is given by 

n*0 = X^)'. (43) 
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Hence, the decay behaviour of entropy is again the same as of Eq. (35). 
Let us discuss the case of c^o — for the same kind of Lorentzian spectrum. For this 
case I2 W — ° — 2l( ^ y J[ 1 ^ and I\ = 0. Thus, free energy of this charged magneto-oscillator 
with ujq = and in contact to a heat bath with Lorentzian spectrum is given by 



and entropy is given by 

2 

"3ft( 7 2 + uj 2 



S(T) = "rJV^ klT. (45) 



C / 



3.5. Exponentially correlated heat bath 

In this subsection, we consider exponentially correlated heat bath whose memory friction 
is given by 

/ \ "rwy 1*1 . . 

71(f) = — -e~~. (46) 
r c 

The Fourier transform of memory friction gives us 

*^ - TW (47) 

Now, the required expressions for I\ and I2 are as follows 
m 2 7 (l + uj 2 t 2 )D - 2m 2 u 2 ^C 



h = 



m 2 C 2 (l + oo 2 t 2 ) 2 + m 2 ^ 2 uj 2 
7 



Similarly, 



_ m 2 7 (l + uj 2 t 2 )D - 2m 2 u 2 <yT 2 C l m 2 7 (l + uj 2 t 2 )D - 2m 2 u 2 1 r 2 C 2 



- 2 



m 2 C 2 (l + u 2 t 2 ) 2 + m 2 7 2 cj 2 m 2 C| (1 + uj 2 t 2 ) 2 + m 2 7 2 cj 2 

m 2 7 (l + w 2 t c 2 )D - 2m 2 ^ 2 7 r 2 C 



m 2 C 2 (l + ui 2 t 2 ) 2 + m 2 7 2 c<j 



2 



Thus, free energy of this model system with exponentially correlated heat bath is given 
by 

Hence, the decay behaviour of entropy with temperature is again linear which is same as 
that of Ohmic model. Now, we discuss the case without the confining potential, c^o = 0. 
For the charged particle in a magnetic field in contact with a exponentially correlated 
heat bath : 
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ik B Tf 



F{T) 
s givei 
S(T) 



tt7(1 -yr c ) n _ ^ 



and entropy is given by 

2tt7(1 - 7r c ) 2 



k B T. 



3fr( 7 2 + cu c 2 ) 

This result matches with that of Jishad et al 1 38 1 
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(51) 



3.6. Arbitrary heat bath 

The heat bath is characterized by the memory friction function 7(2). According to Ford 
et al [35], it should be positive and must be analytic in the upper half plane and must 
satisfy the reality condition 

7i(-tu + i0 + ) = 7(cu + i0 + ). (52) 

Now, according to Ford et al [35] the memory function must be in the neighbourhood 
of origin as follows : 

71 (w) ~mtf- v {-iu) v , (53) 

where — 1 < v < 1, and b is a positive constant with dimensions of frequency. Thus, the 
scalar susceptibility of the model system in the absence of the magnetic field is given by 



Thus, 



h 



m(u. 







mb 



l-ul 



-no 



,1+u 



(54) 



b l - v u v cos(f ) 


"(1 + v)C + 2uj 2 






2 



u>^0 .„ . ,vk. b 1 v , 
- (l + ^)cos(— )—uj 1 



and 



-h 



6 1 -^cos( i f) 


"(1 + u)d + 2c/ 


fe 1 -^ COs(f ) 


"(1 + i/)C 2 + 2u 2 






2 1 


C 2 + b 1 - v (-iu) 1 + v 


2 



- 2- 



b x - v u v cos(^f) 


"(1 + i/)C + 2w 2 " 




(7 + ^(-ia;)^ 


2 



~ 2(1 + 1/) cos(— )— g-w" - 2(1 + 1/) cos(— )— 2-w" 



0. 



i U/Q 

Hence, free energy of the model system with such arbitrary heat bath is given by 

nr ).-3r(, + 2)C(, + 2)cos(^)^(^) 2 - (55) 

Finally, entropy of the system is 

SiT) =3r(z/ + 3)C(^ + 2)cos 



/z/7T\ k B b 2 /k B T\i+v 



(56) 



Since {y + 1) is always positive, entropy, S(T), vanishes as T — > 0. 
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4. Coordinate (Velocity) - Velocity (Coordinate) Coupling 

In this section, we consider the typical case of the first kind where coordinate (velocity) 
of the system coupled with the velocities (coordinates) of the heat bath. The physical 
situations for such scheme can be found for a vortex transport in the presence of magnetic 
field jl9] and particle interacting via dipolar coupling [50]. The friction memory function 
for this kind of coupling scheme is given by 

l2 (t) = m>yT exp ( - — ) ( cos^t) - — sin(^it)) . (57) 



where io\ = fi — 7 is the Markovian friction strength, T and Q are the damping 
and frequency parameters of the harmonic noise. The Fourier transform of the memory 
friction function is given by 

. . 2m 1 Y 2 uj 2 . . 

72M = vw+{w-u,*r (58) 

The expressions of I\ and I 2 for this particular scheme are given by 
2m 2 1 T 2 uj 2 DA + Am 2 -fT 2 uj 2 AC - 2m 2 1 T 2 uj 3 A'C 



m 2 (AC) 2 + Am 2 1 2 Y A uj t 

>o 67f 2 



Wlu 2 ' 



and 



2m 2 -fT 2 uj 2 DA + Am^TWAd - 2m 2 1 T 1 uo i A l C 1 



+ 



- 2 



m 2 (AC 1 ) 2 + 4m 2 7 2 r 4 w 6 
2m 2 1 T 2 uj 2 DA + Am 2 -fT 2 uj 2 AC 2 - 2m 2 jT 2 u 3 A'C 2 
m 2 {AC 2 ) 2 + 4m 2 7 2 r 4 cu 6 
2m 2 1 Y 2 J 2 DA + Am 2 jT 2 u 2 AC - 2m 2 1 T 2 ^A'C 
m 2 (AC) 2 + 4m 2 7 2 r 4 cj 6 

^0 6 7 r 2 6 7 r 2 6 7 r 2 
" Wu 2 + Wu 2 n 4 u 2 

Thus, free energy of the system becomes 

nT) = -^r h <i^) ■ (59) 

Entropy is given by 

S{T) = -^ kB <h^) ■ m 

Thus, the decay behaviour of the entropy is much faster than that of the usual 
coordinate-coordinate coupling. This is due to the much stronger dependence of the 
memory friction kernel on the frequency and hence it changes the thermodynamic 
behaviour of the system a lot at low temperature. Let us discuss, what happens in 
the absence of the harmonic confining potential. For luq = 0, I 2 W — — ^^^r^—u 2 , 
and I\ = 0. Thus, the free energy can be written down as 
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Figure 2. (color online) Plot of ln(|F|) versus dimensionless inverse-temperature 
2Trk°T f° r ^ ne without dissipation case (red filled circle), for the coordinate-coordinate 
(c-c) coupling (blue filled square) , for the coordinate- velocity (c-v) coupling (balck filled 
diamond) and for the velocity- velocity (v-v) coupling (pink filled triangle) schemes. To 
plot this figure, we use £fc = 1.0, = 0.5, £ = f .0, fa = 2.0, u T e = 1 .5. Also, we 
use Tiluq = f .0 and ks = f -0 



and entropy is given by 

16 7 (l-7/^)r 2 7r\ { k B T,s 
S(T) = T^l k ^(l—) ■ ( 62 ) 



4-1. Radiation Heat Bath 



In this case, the Fourier transform of the associated memory friction function is given 
by |5I] 

72( " } = 3c3(c + ^) ' (63) 
where e is the charge of the radiation field, c is the velocity of light, Q' is the large 
cut-off frequency. Thus, 



h 



[(UJQ ~ UJ 2 ) 2 + uA^T e 2 ](l + U 2 T 2 ) 



lu — >o 3t 6 o 

— 2 UJ , 

where r e = 2 ^ ci and M = m + 2e ^' = renormalized mass. Similarly one can show that 
I2 = 0. Thus, the free energy for the model system with radiation heat bath is given by 

The decay behaviour of the entropy is given by the following expression : 

w-QmO'- («) 
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Comparing equation (60) with equation (65), one can conclude that the decay behaviour 
of entropy with temperature for the radiation heat bath is same as that of the coordinate 
(velocity)- velocity (coordinates) coupling scheme. 



5. Velocity- Velocity Coupling 

In this section, we consider the second atypical case of dissipation where the velocity of 
the system is coupled with the velocities of the heat bath. This velocity-velocity (v-v) 
coupling scheme practically exists in electromagnetic problems such as superconducting 
quantum interference devices [26l [6] or in electromagnetic field [51]. The spectrum 
of the friction memory function is completely different from that of coordinate- 
coordinate coupling and velocity (coordinate)-coordinate (velocities) scheme. The 
Fourier transform of the memory friction function is given by 

74M = rvT(^- (66) 

The expressions for I\ and I 2 for this particular scheme are as follows 
2m 2 ^DA + 8m 2 -fLU*AC - 2m 2 1 J > NC 



h 



and 



m 2 (CA) 2 + 4m 2 7 2 ^ 10 
cu 2 fi 4 ' 

2m 2 -fiu i DA + 8m 2 7a/,4Ci - 2m 2 1 J 3 NC x 



+ 



m 2 {C x A) 2 + 4m 2 7 2 u; 10 
2m 2 7c/ZM + 8m 2 7 t,; 4 ACi - 2m 2 -fu 5 A'C 1 



- 2 



m 2 (C 2 A) 2 + 4m 2 7 2 cj 10 
2m 2 ^DA + 8m 2 7 cj 4 AC - 2m 2 -fu 5 A'C 



m 2 C 2 A 2 + 4m 2 7 2 u; 
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w -v0 IO7CJ 4 IO7C; 4 IO7C; 4 

~ u 2 W + u 2 W ~ u 2 Q 4 ~ ' 
Thus, the free energy of the charged oscillator in the presence of an external magnetic 
field for velocity-velocity coupling scheme is given by 

The decay behaviour of entropy with temperature becomes as follows : 

8647^/^0^3 ( k B T^ 

Now, we analyze the same case without the harmonic confining potential. For ujq = 0, 
we have I 2 ^— ; anc i j t — 0. Thus, the free energy of the system is given 

by 
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Figure 3. (color online) Plot of ln(S') versus dimensionless inverse-temperature 2 ^k°T 
for the without dissipation case (red filled circle), for the coordinate-coordinate (c-c) 
coupling (blue filled square), for the coordinate- velocity (c-v) coupling (balck filled 
diamond) and for the velocity-velocity (v-v) coupling (pink filled triangle) schemes. 
To plot this figure, we use |j = 1.0, = q.5, £ = 1.0, = 2.0, iv T e = 1.5. Also 
we use hcoo = 1.0 and — 1-0 



Again as T — > 0, entropy vanishes {S(T) — > 0) in conformity with Nernst's theorem. 
But, the decay behaviour of S(T) is even faster than the coordinate (velocity)-velocity 
(coordinate) coupling scheme. So, velocity-velocity coupling scheme is the most benefi- 
cial coupling scheme to ensure third law of thermodynamics. 

To demonstrate the distinguishing decay behaviour of free energy for the three kind of 
coupling schemes, we show the log plot of free energy as a function of the inverse of 
temperature in figure 2. In figure 3, we show the log-plot of entropy as a function of 
inverse of temperature. From these plots, one can conclude that the thermodynamical 
functions of velocity-velocity (v-v) coupling scheme exhibit a markedly faster decaying 
behaviour than the other two coupling schemes. This can be easily understood by ob- 
serving their corresponding friction spectra. This is seen that the friction function of 
the velocity-velocity coupling scheme (Eq. 66) is much more strongly dependent on fre- 
quency than the other two schemes. This enables the system to behave much stronger 
decay behaviour in the low temperature regime. 



and entropy 



of the system is as follows : 




(70) 
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In this work, we have analyzed the low temperature quantum thermodynamic behaviour 
in the context of dissipative diamagnetism with different anomalous coupling schemes. 
The free energy for our system consists of the charged quantum harmonic magneto- 
oscillator in an arbitrary heat bath is derived by using the "remarkable" formula of 
Ford et al [161 WJ\ which involves only a single integral. One can exactly calculate this 
integral at low temperature limit. Hence, the low temperature thermodynamic functions 
can be derived explicitly. Mainly, the decay behaviour of entropy with temperature is 
studied for the charged magneto-oscillator. Thus, the validity of the third law of ther- 
modynamics is established in the quantum regime for the dissipative diamagnetism with 
atypical coupling. 

In the absence of dissipation, thermodynamic functions decay exponentially to zero. 
The presence of finite quantum dissipation changes this well known Einstein like be- 
haviour of exponential decay of entropy into a weaker power law dependence in friction 
and temperature even in the presence of an external magnetic field. Different thermo- 
dynamic functions decay much faster with temperature in the presence of anomalous 
coupling than the usual coordinate-coordinate coupling. It can be concluded from the 
observation of fast decay of entropy that the velocity dependent coupling is advanta- 
geous to ensure third law of thermodynamics. In that sense the velocity-velocity (v-v) 
coupling is the most helpful scheme to restore third law. It is seen that the thermody- 
namic entropy for our dissipative diamagnetic system vanishes according to a power law 
in temperature with the same exponent that characterizes the frequency dependence of 
the memory friction function in the limit of vanishing frequency (u — > 0). For ujq ^ 
case, the slope of the decay curve depends on friction, 7, and the confining harmonic 
oscillator frequency, Uq. Also, one can note that low temperature thermodynamic func- 
tions are independent of B in all the instances discussed in this work except the case of 
without dissipation for uj 7^ 0. In the absence of confining potential, the decay behaviour 
of entropy with temperature maintains the same kind of power law as that of uq ^ 0. 
But, the slope of the decay curve for u = case depends on 7, cut-off frequency of the 
heat bath and on the cyclotron frequency, uj c . From this analysis we can conclude that 
quantum dissipation is an integral aspect of nanostructures at very low temperature. 

The results obtained from this kind of analysis are not only of theoretical interest 
but it can be found to be relevant for experiments in nanosciences where one wants to 
examine the validity of quantum thermodynamics of small systems which are strongly 
coupled to heat bath P, [lOl HH [12], [52] , in fundamental quantum physics, and in quan- 
tum information [23 M, US ED] . 

References 

[1] W. Nernst, Nachr. Kgl. Ges. d. Wiss. Gottingen 6, 1 (1906); W. Nernst, Sitzungsber. Preuss. Akad. 
Wiss. 13, 311 (1911). 



Dissipative diamagnetism with anomalous coupling and third law. 



17 



[2] W. Ncrnst, Sitzungsber. Preuss. Akad. Wiss. 14, 134 (1911). 

[3] M. Planck, Vorlesungen ilber Thermodynamik, (Veit & Comp., 1917). 

[4] A. J. Leggett, Ann. Phys. (N. Y.) 72, 80 (1972). 

[5] H. B. Callen, Thermodynamics and an Introduction to Thermo statistics, 2nd ed. (Wiley, New York, 
1985); J. S. Dugdale, Entropy and Its Physical Meaning (Taylor and Francis, 1996); J. Wilks, 
The Third Law of Thermodynamics (Oxford University Press, 1961). 

[6] P. HSnggi, and G. L. Ingold, Acta Phys. Pol. B 37, 1537 (2006). 

[7] A. Einstein, Ann. Phys. 22, 180 (1907); 22, 800 (1907); 35, 679 (1911). 

[8] P. Hanggi, G. -L. Ingold, and P. Talkner, New J. Phys. 10, 115008 (2008). 

[9] G. Grinstein, and G. Mazenko (Eds.), Directions in Condensed Matter Physics, World Scientific 
Press, Singapore, (1986). 

[10] S. Datta, electronic Transport in Mesoscopic Systems, Cambridge University Press, Cambridge, 
(1977). 

[11] Y. Imry, Introduction to Mesoscopic Physics, Oxford University Press, Oxford, (1997). 

[12] S. Chakravarty, and A Schmid, Weak localization: The quasiclassical theory of electrons in a 

random potential, Phys. Rep. 140, 193 (1986). 
[13] L. Landau, Z. Phys. 64, 629 (1930). 

[14] J. H. van Vleck, The Theory of Electric and Magnetic Susceptibilities, Oxford University Press, 
London, (1932). 

[15] R. Peierls, Surprises in Theoretical Physics, Priceton University Press, Princeton, (1979). 
[16] C. G. Darwin, Proc. Cambridge Philos. Soc. 27, 86 (1931). 

[17] S. Dattagupta and S. Puri, Dissipative Phenomena in Condensed Matter, World Scientific, 

Singapore (1999). 
[18] S. Dattagupta and J. Singh, Phys. Rev. Lett. 79, 961 (1997). 

[19] M. Bandyopadhyay and S. Dattagupta, J. Stat. Phys. 123, 1273 (2006); J. Phys. Condons. Matter 
18, 10029 (2006). 

[20] Ch. Sikorski and U. Merkt, Phys. Rev. Lett. 62, 2164 (1989); U. Merkt, Physica B 189, 165 (1993). 

[21] A. O. Caldeira and A. J. Leggett, Ann. Phys. (NY.) 149, 374 (1984). 

[22] A. O. Caldeira and A. J. Leggett, Physica (Amsterdam) 121 A, 587 (1993). 

[23] A. J. Leggett, S. Chakravarty, A. T. Dorscy, M. P. A. Fisher, and A. Garg, Rev. Mod. Phys. 59, 
1 (1987). 

[24] X. L. Li, G. W. Ford, and R. F. OConncll, Phys. Rev. A 41, 5287 (1990). 
[25] X. L. Li, G. W. Ford, and R. F. OConncll, Phys. Rev. A 42, 4519 (1990). 

[26] H. Grabert, P. Schramm, and G. Ingold, Phys. Rep. 168, 115 (1988); U. Weiss, Quantum 

Dissipative Systems, World Scientific, (1999). 
[27] C. H. Bennett, Phys. Today 48 (10), 24 (1995). 
[28] A. Zeilinger, Nature 408, 639 (2000); Science 289, 405 (2000). 

[29] D. Giulini, E. Joos, C. Kicfer, J. Kupischg, I. O. Stamatescu, H. D. Zeh, Decoherence and the 
Appearence of a Classical World in Quantum Theory, Springer, New York, (1996) 

[30] C. J. Myatt, B. E. King, Q. A. Turchette, C. A. Sackett, D. Kielpinski, W. M. Itano, C. Monroe, 
D. J. Wincland, Nature 403, 269 (2000). 

[31] V. Capek and D. P. Shechan, Challenges to the Second Law of Thermodynamics, Springer, 
Netherlands (2005). 

[32] V. Shicka and T. Nieuwenhuizen, Proceedings of the conference on Frontiers of Quantum and 

Mesoscopic Thermodynamics, Physica E 29, 1 (2005). 
[33] D. P. Sheehan, Quantum Limits to the Second Law : First International Conference on Quantum 

Limits to the Second Law, AIP Conference Proceedings 643, 1 (2002). 
[34] Th. M. Nieuwenhuizen and A. E. Allahverdyan, Phys. Rev. E 66, 036102 (2002). 
[35] G. W. Ford, and R. F. O'Connell, Physica E 29, 82 (2005). 
[36] W. C. Yang and Bao Jian-Dong, Chinese Phys. Lett. 25, 429 (2008). 
[37] M. Bandyopadhyay, arXiv : 0804.0290vl (2008). 



Dissipative diamagnetism with anomalous coupling and third law. 



18 



[38] J. Kumar, P. A. Sreeram, and S. Dattagupta, Phys. Rev. E 79, 021130 (2009). 

[39] R. P. Feynman, and F. L. Vernon, Ann. Phys. (N. Y.) 24, 118 (1963); A. O. Caldeira and A. J. 

Leggett, Physica A 121, 587 (1983). 
[40] A. J. Leggettt, Phys. Rev. B 30, 1208 (1984); U. Weiss, Quantum Dissipative Systems, 2nd Ed. 

(World Scientific, Singapore, 1999). 
[41] G. W. Ford, J. T. Lewis, and R. F. O'Connell, Phys. Rev. Lett. 55, 2273 (1985); Phys. Rev. A 37, 

4419 (1988). 

[42] J. D. Bao and Y. Z. Zhuo, Phys. Rev. E 71, 010102(R) (2005). 
[43] G. W. Ford, J. T. Lewis, and R. F. O'Connell, J. Stat. Phys. 53, 439 (1988). 
[44] G. W. Ford, J. T. Lewis, and R. F. O'Connell, Ann. Phys. (N. Y.) 185, 270 (1988). 
[45] X. L. Li, G. W. Ford, and R. F. O'Connell, Phys. Rev. A 42, 4519 (1990). 
[46] X. L. Li, G. W. Ford, and R. F. O'Connell, Phys. Rev. A 41, 5287 (1990). 
[47] G. W. Ford, J. T. Lewis, and R. F. O'Connell, Phys. Rev. A 37, 4419 (1988). 
[48] M. I. Dykman, P. V. E. McClintock, N. D. Stein, and N. G. Stocks, Phys. Rev. Lett. 67, 933 
(1991). 

[49] P. Ao and D. J. Thouless, Phys. Rev. Lett. 72, 132 (1994). 

[50] G. W. Ford, J. T. Lewis, and R. F. O'Connell, Phys. Rev. A 36, 1466 (1987); J. Phys. B 20, 899 
(1987). 

[51] G. W. Ford, J. T. Lewis, and R. F. O'Connell, Phys. Rev. Lett. 55, 2273 (1985). 
[52] V. Spicka, Th. M. Nieuwenhuizcn, P. D. Keefe, Physica E 29, 1 (2005). 



